Many industrial processes for the production of particulate products rely on the accurate measurement of the sizes of these particles during the production process. One particle sizing technique which is implemented in commercial instruments due to its wide use in the manufacturing (of particulate products) industry is the laser diffraction method. The estimation of particle sizes by this method requires the solution of an inverse problem using a suitable model which incorporates the size, shape and optical properties of the particles. However, the commercial instruments which implement this laser diffraction method typically employ a model designed for spherical particles to solve this inverse problem even though a significant number of materials occur as elongated particles in industrial processes.
Introduction
Particle characterisation is one of the core tasks performed in the particle analysis community [1] . This activity involves the identification of the distribution of particle sizes 1 in a given powder sample which had been prepared by a suitable crystallisation technique. In some cases, the particle size distribution (PSD) of the crystals in a slurry could be directly estimated before the powder is produced. To achieve this task of PSD estimation (whether in situ or off-line), various techniques or equipment are utilised [1] .
The laser diffraction method has become very popular in the particle analysis community, and for this reason different manufacturers have developed instruments which implement this technique [2] . This laser diffraction method involves the collection of scattered light from a dilute slurry of particles by an array of detectors placed at different spatial locations so that they cover a certain span of angles θ. Since the intensity of scattered light at (different angular positions) by each particle is a function of the size (and shape) of the particle, then the size distribution of the original population of particles that produced a particular scattering intensity (the intensity of scattered light as a function of angular position) can be inferred from the scattering intensity. However, as there is typically a distribution of particle sizes in a slurry, then the intensity pattern measured by the detectors will be a convolution of the intensity patterns from all the particles (of different sizes) in the slurry.
The estimation of the PSD from the measured scattering intensity involves solving an inverse problem using a suitable forward model. This forward model describes the scattering intensity to be expected from a particle of a given shape and size. This inversion process is typically implemented in the software of commercial laser diffraction instruments. However, these instruments typically implement (for solving the inverse problem) the Mie scattering model [3] for spherical particles regardless of the shape of the particles in the slurry. This has led to some inexplicable peaks and discrepancies [4, 5] in the PSD estimates with these instruments when the shape of the particles in the slurry deviate significantly from spherical. This could give misleading information regarding the distribution of particles sizes in a slurry. The consequences could be severe in applications where the process is very sensitive to the distribution of particle sizes. This is particularly important in the pharmaceutical industry where many of the active pharmaceutical ingredients are crystalline with needle-like shapes.
In this paper, we demonstrate some of the effects of using a spherical model to solve the inverse problem associated with laser diffraction for needle-like particles. Rather than using experimental data we deliberately use simulated data so that all of the observed effects are solely due to the inversion process and not other compounding issues that experimental data exhibit. We use three simulated monodispersed population of needle-like particles corresponding to particles in size ranges typically encountered in crystallisation processes, we show where the effect of solving the inverse problem with a spherical model could be more severe and where the effect is less severe.
Method
In this work, the scattering intensity for needle-like particles will be simulated using the scattering theory for infinitely long cylinders [3] . The cylindrical shape is a good size will be the diameter of the circular cross section of the cylinder. The length of the cylinders cannot be specified as the cylinders have infinite length. approximation for needle-like particles which are thin and elongated like cylinders. For example the cases of cellobiose octaacetate (COA), benzoic acid (BA) and metformin (MFM) are shown in Figs. 1(a), 1(b) and 1(c) respectively. Even though the cylindrical model is developed for infinitely long cylinders 2 , the theory is applicable for needle-like particles whose lengths are four times or more [7] their radii (assuming a circular cross section for each particle). This requirement is easily satisfied by typical needle-like particles as seen in Fig. 1 . Simulated scattering intensity (as opposed to using experimentally measured scattering intensity for needle-like particles) will be used here so as to isolate the effect that the spherical model assumption has on the estimated PSD as experimental data would contain noise 3 which would complicate the analysis. This is because inverse problems of this nature are not well posed [8, 9] such that the estimated PSD is heavily influenced by the noise from experiments. The simulated scattering intensity will not be contaminated by experimental noise, hence the effect can be ignored in the analysis. However, there will still be noise in the system due to errors from using the spherical model. The approach that will be adopted in this work will be to compute the scattering intensity for needle-like particles (of specified optical properties) using the model for infinitely long cylinders, and then solve the inverse problem using the Mie model for spherical particles. Since the PSD of the needle-like particles will be specified, then the estimated PSD obtained using the spherical model can be compared with the known PSD to check the level of agreement with the known PSD.
Calculating scattering intensity
Consider a detector system (sketched in Fig. 2(a) ) in which a monochromatic light with wave vector k i is incident on a particle of arbitrary size and shape. The scattered light with wave vector k s is then collected at different angles θ to the direction of propagation of the incident light by an array of detectors as depicted in Fig. 2 . Both the incident and scattered light have components parallel and perpendicular to the scattering plane (the plane containing the incident and scattered light) [3] . The scattering wave vector q is the difference between the incident and scattered wave vectors as sketched in Fig. 2(b) . The magnitude of the scattering wave vector is a function of the scattering angle θ, and it is given by [10] 
where λ is the wavelength of the incident light. The general information concerning the intensity and state of polarisation of both the incident and scattered light is contained in the Stokes parameters I, Q, U, V [3, 11] . The Stokes parameter I is the light flux or intensity. The Stokes parameters Q and U describe the state of linear polarisation and V describes the state of circular polarisation. The Stokes parameters of the incident light are related to those of the scattered light by means of the scattering matrix or phase matrix Z as [3, 11] 
where k = 2π/λ is the wave number and r is distance in the radial direction. The Stokes parameters of the scattered light are indicated by the subscript s, while those of the incident wave are indicated by the subscript i in Eq. (2). The elements Z ij , ij = 1, 2, 3, 4 of the phase matrix Z are related to the elements of the amplitude matrix S. The amplitude matrix relates the incident electric field E i to the scattered electric field E s as [3, 11] E s E ⊥s = e ik(r−z)
−ikr
where the incident light is taken to propagate in the z direction. The elements S i , i = 1, 2, 3, 4 of the amplitude matrix are functions of the scattering angle θ, the size of the particle D and the refractive index N R of the particle. Most commercial laser diffraction instruments only measure the intensity of scattered light from an incident unpolarised light. Hence it is assumed in this work that there is no polarisation of the scattered light so that the Stokes parameters Q = U = V = 0. Thus Eq. (2) reduces to
where Z 11 is given by [3]
In a population of particles of different sizes and shapes, the phase matrix for the population will be the sum of the phase matrices of the individual particles in the population. Then the phase matrix for the population is given as [3, 11] 
where N is the number of particles in the population. The sum in Eq. (6) holds provided that the particles are randomly positioned and oriented, and that the particles are sufficiently spaced such that there is no multiple scattering. Hence the intensity of scattered light from the population of particles will be given as
where I 0 and I are the intensities of the incident and scattered light respectively and Z 11,k is the contribution to the Z 11 component of the phase matrix from particle k. The conditions required for Eq. (6) to hold are easily met in commercial laser diffraction instruments, hence the conditions will be assumed to apply in this work. Here, the polydispersed population of particles shall be assumed to consist of particles of the same shape and refractive index but different sizes. The distribution of particle sizes is characterised by a probability density function n(D) such that n(D)dD is the probability of finding particles with diameters between D and D + dD. If the diameters of the particles are discretised and grouped into N geometrically spaced size classes such that the characteristic diameter of particles whose diameters lie between Then the number of particles N i with characteristic diameter D i is given by N i = X(D i ). Then Eq. (7) can be rewritten as
where the scattering angle θ has been discretised into j = 1, 2 . . . , M angular positions and Z 11 (θ j , D i ) is the averaged phase matrix component for particles whose sizes lie between D i and D i+1 . Since the magnitude of the scattering wave vector q is a function of angle (as defined in Eq. (1)), then the scattering intensity and component Z 11 of the phase matrix in Eq. (8) can be rewritten as functions of q (discretised) as
Writing I(q j ) as I j , Z 11 (q j , D i ) asZ j,i and X(D i ) as X i , then Eq. (9) can be written as a matrix equation as
The scaling factor in Eq. (10) can be removed if the scattering intensity is rescaled by the scattering intensity I 1 measured at an angular position close to zero. That is, the zero q limit of the scattering intensity. The choice of I 1 for rescaling the scattering intensity is reasonable since the quantity Z 11 assumes a flat profile at the zero q limit for particles of different shapes and sizes and refractive indices [3] . If the first detector in the array of detectors (sketched in Fig. 1 ) is placed at an angular position sufficiently close to zero, then the scattering intensity at the zero q limit for the particles in the N size classes can be constructed from the first row of matrixZ as
Then the rescaled scattering intensityĨ j can be constructed as
The rescaled scattering intensity in Eq. (12) is the form in which the scattering intensity data is reported in typical commercial laser diffraction instruments. Hence this form of the scattering intensity will be used in subsequent analysis in this work.
Population of spherical particles
The components S 3 = S 4 = 0 in the amplitude matrix defined in Eq. (3) in the case of spherical particles [3] . The components S 1 and S 2 are defined as [3] 
(a n π n + b n τ n ) (13a)
where the quantities π n and τ n are functions of the scattering angle θ. They can be obtained by the following recurrence formulas [3] 
where µ = cos(θ), π 0 = 0 and π 1 = 1. The series in Eqs. (13) and (14) are truncated after n c terms; the value of which is related to the size of the particle [3] . The scattering coefficients a n and b n are functions of the particle size and refractive index. They are obtained by solving the Maxwell equations for a spherical particle with appropriate boundary conditions 4 . Using Eq. (5), then the Z 11 component of the phase matrix can be calculated and subsequently the rescaled scattering intensity of the population can be calculated using Eq. (12). As discussed in section 2, the scattering intensity of needle-like particles will be approximated with that for infinitely long cylinders. The sketch of such an infinitely long cylinder is shown in Fig. 3 . The axis of the cylinder lies along the z-axis. The incident light (with wave vector k i ) which is contained in the x−z plane makes an angle ζ with the cylinder axis, while the scattered light (with wave vector k s ) is contained in the x − y plane and makes an angle θ with the negative x-axis. The scattered light is measured in the x − y plane by an array of detectors as shown in Fig. 3 . The scattering plane contains the cylinder axis and scattered light [3] .
Population of needle-like particles
The amplitude matrix relates the incident electric field E i to the scattered electric field E s as [3] E s E ⊥s = e i3π/4 2 πkr sin(ζ) e ik(r sin(ζ)−z cos(ζ))
The quantities T i , i = 1, 2, 3 in Eq. (15) 
nII cos (nθ) (16b)
The scattering coefficientsb 0I ,b nI ,â 0II ,â nII ,â nI (similar to the case of a n and b n in Eq. (13)) are functions of particle size (the diameter of the infinitely long cylinder) and refractive index. They are obtained by solving the Maxwell equations for the cylindrical geometry with appropriate boundary conditions 5 . Using the components T i , i = 1, 2, 3 of the amplitude matrix for the infinitely long cylinder, then the Z 11 component of the phase matrix can be calculated as
Subsequently the rescaled scattering intensity in Eq. (12) can be calculated for the infinitely long cylinders that are used to represent needle-like particles in this work.
Forward and inverse problem
In a slurry of particles of different sizes, the scattering intensity measuredĨ * with a suitable instrument will be a convolution of the scattering intensities of the individual particles in the slurry and the PSD X as discussed in section 3. If the PSD X of the particles in the slurry is given, then the scattering intensity of the population can be calculated by solving the forward problem in Eq. (12) . This calculated scattering intensityĨ can then be compared with the measured scattering intensity.
In reality the PSD X of the particles in a slurry will not be known. Instead the situation will be to estimate the PSD corresponding to a measured scattering intensity. This situation will involve solving an inverse problem. As mentioned earlier, the purpose of this work is to examine the effect of the model employed in solving the inverse problem on the solutions obtained. To achieve this objective, then the experimentally measured scattering intensityĨ * will be simulated with the model for infinitely long cylinders by means of Eq. (17) . Then a different scattering intensityĨ will be calculated using the Mie model for spherical particles. This calculated scattering intensityĨ will then be used to solve the inverse problem for a givenĨ * . In this work, the inversion to obtain the PSD X will be carried out by solving the weighted least square problem given as
which is an unconstrained optimisation problem [13] . The weight function w j is given as
where the quantities C 1 and C 2 are optimisation parameters with initial values C 1 = C 2 = 0. The weighting function in the objective function in Eq. (18) is necessary as the values of the scattering intensity cover several orders of magnitude over the entire q range of interest. A similar weighting function was employed in [14] for the calculation of intensity for anti-Stokes Raman scattering but with fixed values of C 1 and C 2 .
Number and volume based PSD
The PSD defined in Eq. (8) which is calculated by solving the least square problem in Eq. (18) is number based. The number based PSD X i is defined as an exponential function of the parameter γ i as
Then the optimisation problem given in Eq. (18) is solved by searching for γ i (using the Levenberg-Marquardt algorithm as implemented in Matlab) which minimises the objective function f given in Eq. (18). As the Levenberg-Marquardt method is gradient based and the objective function in Eq. (18) contains local minima, then a multi-start strategy [15] is used to search for a global minimum. This involves using different random starting solutions for γ i , then the solution for which the L 2 norm given as
is minimum is then chosen as the optimum. Subsequently the number based PSD X i in Eq. (20) is calculated from this optimum solution for γ i . However, as commercial laser diffraction instruments typically report a volume based PSD, then it is necessary to calculate a corresponding volume based PSD. This can be achieved as follows. Consider the scattering intensity I j (obtained in a manner similar to the case of I j in Eq. (10)) given as
where
The scattering intensity I j is associated with the number based PSD X i by means of Eq. (22). However, the scattering intensity I j can also be associated with the volume based PSD X v i (the total volume of particles of sizes between D i and D i+1 ) by writing
Then the scattering intensity I can be normalised to remove the scaling factor α (as in the case of Eq. (12)) asÎ
Hence Eq. (29) becomes the forward problem for the volume based PSD 6 similar to the case of Eq. (12) for the number based PSD.
The volume based PSD X v i can then be calculated by solving a weighted least square problem similar to the case given in Eq. (18). A similar approach has previously been implemented for different sensor data [8, 9] .
The method of computing the volume based PSD X v i is carried out as follows. Obtain the number based PSD X i whose corresponding scattering intensityĨ j gives the best fit to the scattering intensityĨ * j of the needle-like particles as judged by the L 2 norm in Eq. (21) . Then using this optimum number based PSD, construct the scattering intensity I j given in Eq. (22). Then normalise the scattering intensity I j to obtain the scattering intensityÎ j in Eq. (29) asÎ j = I j /I 1 , where I 1 is the zero q limit of I j . This scattering intensityÎ j is associated with the volume based PSD X 
gives a scattering intensity (by means of the normalised matrix multiplication in Eq. (29))Î j which is closest toÎ * j . The search for the parameters γ v i is done by solving a weighted least square problem similar to that in Eq. (18) given as
where w v j is a weight function similar to the case of Eq. (19) for the number based PSD.
The optimisation problem in Eq. (31) is solved using the Levenberg-Marquardt algorithm as implemented in Matlab. Since the scattering intensity I j in Eq. (22) was constructed from a number based PSD obtained at the global minimum of the objective function f in Eq. (18), then an initial estimate X v0 i of the volume based PSD which is close to the global minimum of the objective function f v in Eq. (31) can be constructed by the method of truncated singular value decomposition (TSVD) [15] using the scattering intensityÎ j in Eq. (29). This initially estimated volume based PSD X v0 can then be used to obtain an initial starting solution for γ Finally, the volume based PSD is normalised aŝ
Mean particle size
The mean size of the particles in a population can be represented by various metrics depending on the application [16] . The volume weighted mean diameter D 43 is commonly reported by commercial laser diffraction instruments. The D 43 value is defined as [16] 
which upon using the substitution X v i = X i v i (where v i is the volume of the spherical particle with diameter D i ) becomes
is the volume fraction of spherical particles of size D i . This D 43 value will coincide with the size of spherical particles in a monodispersed population. Otherwise, it will give an estimate of the mean size of the spherical particles in a polydispersed population.
Results and Discussion
Needle-like particles in a slurry will experience different kinds of hydrodynamic conditions depending on the vessel type, the stirrer type and speed, restrictions to flow, the size and suspension density of particles and so on. Based on these different conditions, the particles may be able to perform completely random rotations or they could become aligned with the flow field. When the particles perform different random rotations, then the incoming monochromatic light will hit the needle-like particles at different angles to their axes. However, when the needle-like particles are aligned with the flow field, then the incoming monochromatic light will hit the particles within some restricted angles to their axes. This is because the flow cells typically used in the measurements have limited space for particle rotations, and the source of light illuminates the flow cell within some restricted angles depending on the design of the instrument [17] . Hence when the particles are aligned with the flow field (and hence the flow cell), then the incident angle of the incoming light to the particles will also be limited. Motivated by this, we consider the two special situations where the incoming light is normally incident to the axes of the particles on one hand and when the incoming light hits the particles at different angles to their axes on the other hand.
These two extremes will be examined in this work. When the particles are free to perform different random rotations, then the incident angle ζ (see Fig. 3 ) of the incoming monochromatic light will take all possible values from ζ ≈ 0
• (grazing incidence) to ζ = 90
• (normal incidence). However, when the particles are aligned with the flow field, then the incoming monochromatic light will be normally incident on the particles and hence the incident angle ζ is fixed at 90
• . The refractive indices of materials typically encountered in pharmaceutical crystallisation processes are of order N r = 1.50 with zero absorption. For example, the COA, BA and MM crystals shown in Fig. 1 have refractive indices of N r = 1.51, 1.50 and 1.58 respectively. The three materials have poor solubility in methanol which has a refractive index N r = 1.33. Hence the refractive index of N r = 1.50 was used in the simulation of the scattering intensities of the needle-like particles (modelled as infinitely long cylinders), and the particles were assumed to be suspended in a medium with refractive index N r = 1.33. For the inverse problem, the spherical particles were assumed to have the same refractive index of N r = 1.50 and also suspended in a medium with a refractive index of N r = 1.33. Hence any discrepancy between the scattering intensities from the needle-like particles and the spherical particles will only be due to the difference in shape and not the optical properties.
Case I: restricted rotations
The black diamonds in Fig. 4(a) show the scattering intensity from needle-like particles (simulated with the model for infinitely long cylinders 7 ) with a monodispersed distribution of particle size (diameter of circular cross section of the cylinders) of D = 1µm as shown by the black diamonds in Fig. 5(a) . The green crosses show the estimated scattering intensity by using the spherical model in solving the optimisation problem in Eq. (31). The estimated scattering intensity with the spherical model shows a good fit with the original scattering intensity for the needle-like particles. The corresponding estimated PSD with the spherical model is shown by the green crosses in Fig. 5(a) . The estimated PSD obtained using the spherical model shows a peak at a particle size slightly larger than D = 1µm as shown by the green crosses in Fig. 5(a) . It also shows a peak at a particle size close to 0.2µm. This can be understood by applying a simple scaling law analysis. This scaling law approach predicts a scattering intensity which is independent of q [10] for qR 1 (where R is the radius of the particle) after which it transits into the intensity. power law regime where it decays with a q scaling depending on the type of particle [10] . This q independent regime or Guinier regime is indicated as G in Fig. 4(a) while the power law regime is indicated as P in the same Fig. The transition from the Guinier to the power law regime occurs at qR ≈ 1.
The blue circles in Fig. 4(a) represent the scattering intensity for a spherical particle of diameter 1µm. This scattering intensity has a slightly longer Guinier regime when compared with the scattering intensity of a needle-like particle (simulated with the model for infinitely long cylinders) with circular cross sectional diameter 1µm. Hence in order for the spherical model to fit the Guinier regime of the needle-like particles, it overestimates the diameter of the needle-like particle 8 . This leads to the prediction of particles with sizes slightly larger than 1µm by the spherical model as shown by the green crosses in Fig. 5(a) .
The power law regime of the scattering intensity for spherical particles slightly falls below that of the needle-like particles in the high q (q 5µm in Fig. 4(a) ) region. Hence the spherical model introduces particles of size D ≈ 0.2µm and weights the fraction of these particles appropriately in order for it to fit the high q region of the power law regime of the needle-like particles. This is the reason for the peak at D ≈ 0.2µm in Fig. 5(a) (green crosses) in the estimated PSD using the spherical model. This is because the smaller spherical particles have a slightly longer Guinier regime so that their introduction and appropriate weighting leads to a better fit of the power law regime (in the high q region) of the needle-like particles by the spherical model. The spherical model weights the peaks of the smaller particles appropriately in order to fit the power law regime of the needle-like particles. The volume fraction of the small particles introduced by the spherical model to fit the power law regime of the needle-like particles could be substantial as seen in the case of D = 10µm in Fig.  5(b) . This is because the plateau value of the Guinier regime (the zero q limit of the scattering intensity defined as I 1 in Eq. (11)) varies by orders of magnitude for particles of different sizes as shown in Fig. 4(d) .
Due to the introduction of smaller particles (than the sizes of the corresponding needle-like particles), the D 43 values calculated with the estimated volume based PSDs from the spherical model are significantly smaller than the sizes of the needle-like particles as seen in Fig. 5(d) . This shows that the spherical model will predict a mean particle size which is less than the true mean size of the needle-like particles when these needle-like particles are aligned with the flow and the incoming light is incident normally to the axes of the particles. The other extreme where the needle-like particles are able to make random rotations is analysed in this section. As in Case I, the scattering intensity of the needle-like particles will be simulated 9 with the model for infinitely long cylinders, while the inverse problem will be solved with the Mie model for spherical particles.
Unlike in Case I, the Guinier regime of the scattering intensity (blue circles in Fig.  6(a) ) for spherical particles of size D = 1µm is slightly shorter than that of needlelike particles (black diamonds in Fig. 6(a) ) of the same size. This leads the spherical model to predict the largest particle size to be less than 1µm (the size of the needle-like particles) as shown by the green crosses in Fig. 7(a) . However, as the power law regime of the scattering intensity (blue circles in Fig. 6(a) ) of the spherical particles of size D = 1µm decays faster than that (black diamonds in Fig. 6(a) ) of needle-like particles, then the spherical model introduces smaller particles (as shown by the peaks in the 9 In this case, the scattering coefficients in Eq. (17) are computed for values of ζ = 1
• , 2 • , . . . , 90
• , and then averaged over ζ. The averaged scattering coefficients are then used to calculate the components T 1 , T 2 and T 3 in order to compute the scattering intensity. green crosses) at sizes < 1µm in Fig. 7 (a) in order to fit the power law regime of the needle-like particles in Fig. 6(a) . As the size of the needle-like particles increases, then the scattering intensity begins to develop strong oscillations, for example the troughs in the black diamonds close to q = 1µm 19) ) used in the optimisation. A different weighting function could be chosen which is optimised for the peaks in the scattering intensities but this will not be the best choice in a general situation.
This compromise situation leads to the prediction of PSDs (green crosses) by the spherical model which contain peaks close to 10µm in Fig. 7(b) (for needle-like particles of size 10µm shown by the black diamonds) and 100µm in Fig. 7(c) (for needle-like particles of size 100µm shown by the black diamonds). As the PSDs predicted by the spherical model do not deviate too much from the true PSDs of the needle-like particles in this case, then the estimated D 43 values by the spherical model also show less deviation from the sizes of the needle-like particles as shown in Fig. 7(d) . However, this is just because the spherical model could not find a good fit to the power law regime of the scattering intensities of needle-like particles in this case.
Conclusions
We have demonstrated some of the undesired effects of applying a model for scattering by spherical particles to solve the inverse problem for laser diffraction when the scattering intensity comes from a population of needle-like particles. As only simulated data has been used in this work, then the deviations of the estimated PSDs with the spherical model from the PSDs of the needle-like particles are solely the result of using an inappropriate model to fit the data from the needle-like particles.
We have used monodispersed population of needle-like particles in this work to simplify the analysis. However, the spherical model predicts a polydispersed distribution of particle sizes even though the needle-like particles have a monodispersed distribution of sizes. This is because the spherical model tries to fit the scattering intensity as best as it can. Unfortunately, this is the situation with real experimental data. As the PSD is not known, and the inverse problem is not well posed, then a PSD which gives a good fit to the experimental data is chosen as a possible candidate for the true PSD of the population of particles.
This approach is used in commercial laser diffraction instruments, and it can lead to misleading estimates of the PSD of the population of particles under analysis. This is exemplified by the solutions obtained in Case II where the poorer fits to the needlelike particles yielded PSDs which were closer to the true PSDs. However, with real experimental data, these solutions could have been rejected. The estimated PSDs where which yielded better fits to the scattering intensities of the needle-like particles could have been considered more favourably. This approach of relying solely on the goodness of fit of the estimated scattering intensity to the experimentally measured scattering intensity (even though the underlying model for the scattering intensity may not be appropriate) could lead to a gross under estimation of the mean particle size as exemplified by Case I where the estimated D 43 value for the needle-like particles of size D = 10µm was more than 50% less than this value. Therefore, the best way to reduce the risk of predicting misleading PSDs is to apply models that describe the shape of the particles as closely as possible.
